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Recently an electric and magnetic eld correlator appearing in the de-
scription of the heavy quarkonium system was evaluated on the lattice.
Here, we give a nonperturbative analytical evaluation of this eld cor-
relator using a dual description of long distance Yang{Mills theory and
using the stochastic vacuum model. The two predictions are both com-
patible with lattice data but show a dierent dependence on the quark
separation. We discuss the analytic results in relation to the lattice data.
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1 Introduction
The semirelativistic interaction for a heavy quark-antiquark system is known
in terms of electric and magnetic eld correlators [1{7]. Due to connement,
these correlators cannot simply be evaluated in perturbation theory. However,
it is possible to obtain them with lattice simulations. Analytic estimates of
the correlator behaviour can be obtained by making some assumptions on the
nature of the QCD vacuum or on the connement mechanism. Until now the
lattice results are compatible with, up to the available precision, the analytic
calculations of the eld correlators involved in the static and spin-dependent
quark-antiquark semirelativistic interaction (see e.g. [4]). Recently, the correla-
tors entering the velocity{dependent spin-independent part of the interaction
were obtained on the lattice [8] and are compatible with the existing predic-
tions (see [3,5{7]).











at order 1=m2 in the quark-antiquark potential from the Darwin and the spin-
spin interaction. A previous analytic determination of Va in the minimal
area law model [6] gives zero. The rst lattice QCD evaluation of Va has just
been carried out and gives non{zero negative value [8]. For quark-antiquark
distances greater than 0.2  0.3 fm its behaviour is compatible with a negative
constant with a value between 0 and −1:5 GeV3. For distances shorter than
0.2 fm Va falls o like 1=r.
In this letter we calculate Va using a dual description of long distance Yang{
Mills theory [9]. We give also the predictions of the stochastic vacuum model
[3] thereby completing a recently given comparison between these models [4].
Finally we compare the theoretical predictions with the lattice measurements
and discuss the implication of these results for the connement mechanism.





















1 Here and in the following e stands for the usual QCD coupling constant, s 
e2=4, while g denotes the dual coupling constant g  2=e. We have used this
unconventional notation to make contact with the dual theory papers.
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We dene, also, the Wilson loop:





The closed loop Γ is dened by the quark (anti-quark) trajectories z1(t) (z2(t))
where t varies from the initial time −T=2 to the nal time T=2. The quark
(anti-quark) trajectories z1(t) (z2(t)) dene the world lines Γ1 (Γ2). The world
lines Γ1 and Γ2, along with two straight-lines at xed time connecting the end
points, make up the contour Γ. We use also the notation z1  z1(t) and
z01  z1(t
0). As usual A(x)  Aa(x)a=2, Tr means the trace over colour
indices, P prescribes the ordering of the colour matrices according to the
direction xed on the loop and SYM(A) is the Yang Mills action including a
gauge xing term.
Va is a gauge invariant quantity.
The eld-strength expectation values in (2), (3) can be expressed as functional
derivatives of loghW (Γ)i with respect to the path Γ [5]. In fact the change
induced in hW (Γ)i by letting z1 (t) ! z

1 (t) + z

1 (t) where z

1 (−T=2) =














1 ) ; (7)









Hence, the evaluation of (2) and (3) follows straightforwardly from the as-
sumptions on the Wilson loop behaviour.
In the denition of Va (eqs (2), (3)) the quarks are static, i. e. z1 and z2 are
xed in time. Accordingly the lattice calculations have been done inserting
eld-strength tensors in a rectangular Wilson loop.

























dt hhD  E(z1)ii ; (10)
where D is the covariant derivative. Therefore, we have the following alter-
native way to express V Ba and V
E
a :



































dt hhD  E(z1)ii : (12)
The last term in (12) is the Darwin potential [5,7].
3
2 Electric-magnetic duality
We assume that for large loops the Wilson loop W is the same as the Wilson
loop We determined by an eective dual theory which is weakly coupled at
long distances [7]:



















 = 0) + LGF
 : (14)
Le is the eective Lagrangian describing the interactions of dual potentials
C and monopole elds Bi; the dual potentials interact with quarks via the
Dirac string tensor GS :









(x− y(s;  )) ; (15)
where y(s;  ) is a world sheet with boundary Γ swept out by the Dirac string.
The colour electric eld D and the color magnetic eld H are the compo-
nents of the dual eld{strength tensor G = @C − @C + GS : Di = G0i
and Hi = G^0i. The Duality assumption (13) yields expressions for the Yang
Mills expectation values (6) and (8) in terms of expectation values of the









































0i. In the classical approximation to the dual theory
(justied because the theory is weakly coupled at large distances) all quantities
on the right-hand side of equations (14), (16)-(19) can be expressed in terms
of the solutions of the classical equations of motion, in particular
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hhD(x)iie = D(x) ; (21)
hhH(x)iie = H(x) : (22)
The explicit evaluation of (18) in the classical conguration gives [7]:
V Ba = −
4
3





where the function GNP satises the equation








with g = 2=e and B is the static monopole eld.
Now we use equation (24) to obtain the behaviour of GNP near the quark






In terms of cylindrical coordinate with origin in z1, we have x−z1 = z ez+ e,
where the unit vector ez is directed along r = z1 − z2 and the unit vector e
is orthogonal to ez in the plane of x and r. By symmetry
K = Kzez +Ke :
As a consequence, (24) can be splitted into two equations, one for each com-
ponent:






























and ~  −
1
2
. Let  be the
angle between r and x− z1, where for  =  the vector x − z1 is along r, so
that z = jx − z1j cos ,  = jx − z1j sin . On the string, B must vanish, and
its behaviour near quark 1 is given by [10]
B = b
p





where b is a function weakly dependent on r (the quark-antiquark distance).
In Table 1 we list values of b obtained by numerical integration of the static
equations for B for varying separations r. Putting (28) in (26)-(27) and keeping










sin  (1 + cos )jx− z1j
p
3−3 : (30)



























































The result (33) is divergent. However the dual theory has a natural ultraviolet









From this prescription and the data of Table 1, we can derive the values of
V Ba at dierent distances as given in Table 2. We observe that in the range
of interest (0.2 fm < r < 1 fm) the magnetic contribution to Va can be
considered almost a constant ( −0.3 GeV3).
In order to evaluate V Ea in the dual theory we use the following analogue of




























dtr  hhD(z1)iie : (35)
Comparing (35) with (12) we obtain
T=2Z
−T=2





dtr  hhD(z1)iie : (36)
Eq. (36) expresses the Darwin potential in terms of quantities calculated in
the dual theory and has a simple interpretation. The left hand side is the
expectation value of the electric current operator in Yang Mills theory and
the right hand side is the corresponding quantity in the dual theory (note
that (36) and (17) are independent results valid only on the quark trajectory).
Since in the dual theory the colour electric eld D is given by D = rC+DS
the dual potential does not contribute to divergence of D and we have
r  hhD(z1)iie = r D(z1) = e (r) ; (37)
where r = z1 − z2. The dynamics of the dual theory xes rD, that is, the
monopole current which, because of (36), does not contribute to the Darwin
term. Thus the monopole degrees of freedom, which in the classical approxi-
mation to the dual theory produce the dual Meissner eect and connement,
contribute to Va only via the rst term on the right hand side of eq.(35).
Thus comparison of Va predictions with lattice data provides a crucial test
of the dual description of long distance Yang Mills theory.
Putting (37) in (35) we obtain
V Ea = −V0 +
16
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where s = e2=4. The quantityGNP determining V Ba (33) is just the nonper-
turbative part of the monopole potential and so (33) is the natural magnetic
counterpart of (38). Thus both the electric and magnetic parts of Va directly
measure the characteristic feature of the dual picture. The static potential V0
obtained by solving numerically the equations of motion can be represented

























In Table 3 we list some values of V Ea for dierent quark-antiquark distances.
Notice that the dependence on r is strong. In particular the short-range be-
haviour (r ! 0) is like 1=r. In Table 4 we sum up the magnetic and electric
contributions and give the complete Va behaviour. In the long-range region
(r ! 1) Va has only magnetic contributions with an asymptotic value of
0.2  0.3 GeV3. In the short-range region Va has a behaviour like 1=r.
3 Stochastic vacuum model
In the stochastic vacuum model, one assumes that, in Euclidean space, the




















where h  u− v. The functions D and D1, called correlator functions, can be
interpreted as vacuum form factors. The perturbative contributions (contained
in D1) can be evaluated by the usual e2 expansion of the Wilson loop, while
the nonperturbative contributions, dominant in the long-range behaviour come
only from lattice calculations [12]. The integration is performed over the mini-
mal area surface S with contour Γ. Up to order 1=m2 the minimal surface can
be identied exactly with the surface spanned by the straight-line joining the
point (t; z1(t)) on the quark line 1 with the point (t; z2(t)) on the quark line
2 of Γ. Therefore, for our purposes, the generic point u(t; s) on the surface S
will be given by:
u0 = t u = s z1(t) + (1− s) z2(t) (42)
and the surface element dS(u) by
dS4j(u) = dt ds rj(t) ; (43)
dSij(u) = dt ds (s _z1i(t) + (1− s) _z2i(t)) rj(t) ; (44)
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where t 2 [−T=2; T=2], s 2 [0; 1] and r = z1 − z2.
From equation (8) and (41), expanding
z1(t
0) = z1(t) + (t− t
0) _z1(t) +    ; (45)
we have in the static limit (i. e. neglecting the velocity dependent terms)
 loghW (Γ)i
Slm(z1) Srs(z01)






Putting this expression in (11) we obtain






















we obtain, from the rst equality in equation (12)












where a partial integration was performed.
In the usual long-range parameterization, suggested by the direct lattice eval-
uation of the correlator functions D and D1 [4,12],
D(x2) = d e−jxj ;   1 GeV ; d  0:073 GeV4 ; (50)
D1(x
2) = d1 e
−1jxj ; 1  1 GeV ; d1  0:0254 GeV
4 ; (51)





















a  −1:1 GeV
3 : (54)
In contrast with the dual theory the long range contributions to Va in the
stochastic vacuum model are self energy corrections independent of r. For this
reason these terms were neglected in [4] and did not appear in the minimal
area law evaluation of [6]. We expect that a r dependence will arise in the
short range region, taking into account higher order perturbative contribu-
tions. Since the r dependence is very weak also in the dual theory for the
magnetic contribution V Ba , the dierence between the two models is in the
electric contributions V Ea and is mainly due to the Darwin term. In fact, in










dt (r) : (55)
Eq.(55) reflects the fact that in the dual theory the color electric eld is
generated by the monopole current which does not contribute to the right hand





dt hhD  E(z1)ii =
T=2Z
−T=2
dtrV0 + self-energy contributions. (56)
4 Conclusion
The dual theory predictions of Va are in very good agreement with the lattice
data. The asymptotic value for large distances is negative and very well inside
the error bars of the lattice prediction. Surprisingly also the short range predic-
tion, which in principle could be beyond the validity range of the dual theory,
reproduces the 1=r behaviour of the lattice t. Also the long range result of
the stochastic vacuum model is negative and compatible with the lattice data,
but of self-energy type. A r dependence arises from the perturbative contribu-
tions only at the next-to-leading order. However the main contribution to the
1
r
behavior of V Ea in the dual theory comes from the second term on the right
hand side of eq. (40), which is clearly nonperturbative. Furthermore, as is seen
from Table 2, V Ba also increases with decreasing r. After this calculation the
main dierence in the two models seems to be clear. In the dual theory only
the quark charges contribute in the static limit to the Darwin potential, while
10
in the stochastic vacuum model the Darwin potential is related to the full
static potential. This means that a truly accurate lattice determination of the
eld correlator (which is possible for the magnetic part of the correlator and
it is already in progress [13]) is of great interest and could provide signicant
information concerning the nonperturbative quark interaction.
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V Ba at the ultraviolet cut-o M = 0:640 Gev vs r, the qq distance (s = 0:37 and
 = 0:2 Gev2).









V Ea vs r, the qq distance (s = 0:37 and  = 0:2 Gev
2).












a vs r, the qq distance (s = 0:37 and  = 0:2 Gev
2).
r (fm) Va (GeV3)
0.175 − 0.809
0.26 − 0.625
0.35 − 0.528
0.7 − 0.386
1.4 − 0.320
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